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@ Application

@ There are some real world models in financial, physical and
biological phenomena, which can not be well represented by a
Gaussian noise. For example, in some circumstances, some
large moves and unpredictable events can be captured by
jump type noise. In recent years, SPDEs driven by Lévy noise
have become extremely popular in modeling these phenomena.



@ Theory

@ Compared with the case of the Gaussian noise, SPDEs driven
by Lévy noise are drastically different because of the
appearance of jumps, such as

The time regularity,

The Burkholder-Davis-Gundy inequality,

The Girsanov Theorem,

The ergodicity, Irreducibility, Mixing property and other
long-time behaviour,

o Large Deviation Principles.

In general, all the results and/or techniques available for the
SPDEs with Gaussian noise are not always suitable for the
treatment of SPDEs with Lévy noise and therefore we require new
and different techniques.



The time regularity=continuous or cadlag modification

@ The time regularity of stochastic processes plays an important
role in the study of some finer structural properties, such as
strong Markov property, measurability and Doob's stopping
theorem.
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@ The time regularity of stochastic processes plays an important
role in the study of some finer structural properties, such as
strong Markov property, measurability and Doob's stopping
theorem.

@ The existing results on this topic show that the cadlag
property for the equations with Lévy perturbations is much
less frequent than the continuity of the trajectories in the
Gaussian case.



Example: Consider the linear evolution equation:

X(t) =202 Xa(t)en, dXa(t) = —yaXa(t)dt + dLy(t), Xn(0) =0,

H =Hilbert space, {en, n € N} is an orthonormal and complete basis,
{vn, n € N} are positive constants,

{Ln, n € N} are independent real-valued Lévy processes,
L(t) == 3272 La(t)en.
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X(t) =202 Xa(t)en, dXa(t) = —yaXa(t)dt + dLy(t), Xn(0) =0,

H =Hilbert space, {en, n € N} is an orthonormal and complete basis,
{vn, n € N} are positive constants,

{Ln, n € N} are independent real-valued Lévy processes,
L(t) == 3272 La(t)en.

Gaussian case: |. Iscoe, etc.,(1990)
L is a cylindrical Wiener process in a space U (U is strictly bigger than H),
under some assumptions, X is continuous in H.

@ Lévy case: Y. Liu, J.L. Zhai(2012, 2016);
L, are independent a-semi-stable processes, X is cadlag in H iff the process L
takes values in H.

We refer to Z. Brzezniak, B. Goldys, P. Imkeller, S. Peszat, E. Priola, J.
Zabczyk(2010), S. Peszat, J. Zabczyk (2013), E. Priola, J. Zabczyk(2011) and

references therein for more details.
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@ For many cases, the solutions of SPDEs with Gaussian noises are continuous
processes, while the solutions of SPDEs with Lévy noises are cadlag processes.

This will raise various chain reactions,

@ the first passage time 7 of a given bounded closed domain: continuous
processes at 7 will belong into the given domain, however cadlag
processes at 7 may “jump” out the given domain

@ the Burkholder-Davis-Gundy inequality,

@ the ergodicity, irreducibility, mixing property and other long-time
behaviour,

@ Large Deviation Principles.



The Burkholder-Davis-Gundy inequality

The Burkholder-Davis-Gundy inequality is a basic result/tool in the stochastic integral
theory.

@ For Cylindrical Wiener processes W/,

sup |/ (u(s))dW(s)?) < CPE(/OT|G(U(S))|§2HSds)%, p>0.
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The Burkholder-Davis-Gundy inequality is a basic result/tool in the stochastic integral
theory.

@ For Cylindrical Wiener processes W/,

sup |/ (u(s))dW(s)?) < CPE(/OT|G(U(S))|i2_’Sds)%, p>0.

te[O T]
@ For the compensated Poisson random measure Kl(dz, dt) with intensity measure
v(dz)dt,

P
2

teS[Ltj)pT] / /G u(s), z) N(dz, ds)|? ) < CﬂE(/{;:/Z|G(u(s),z)\2N(dz,ds)> , p>1,

5 s | / [, 6u(e). ez, as))?)

< CPIE</O /Z\G(u(s),z)\2u(dz)ds)g + Cp]E(/OT/Z|G(u(s),z)|pu(dz)ds>, p> 1.
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Girsanov's Theorem

Girsanov's theorem describes how the dynamics of stochastic processes change when
the original measure is changed to an equivalent probability measure.

@ For the Wiener case the Girsanov theorem is related to the Cameron-Martin

space.

.
Lr(e) =5 | le(®lfet.

@ For the Poisson random measure case the Girsanov theorem is related to some
nonlinear transformations.

Lr(g) = /OT/Z (a(t.2)logg(t,2) — g(t,2) +1)v(dz) dt.



Theory

@ Compared with the case of the Gaussian noise, SPDEs driven
by Lévy noises are drastically different because of the
appearance of jumps, such as

The time regularity,

The Burkholder-Davis-Gundy inequality,

The Girsanov Theorem,

The ergodicity, Irreducibility, Mixing property and other
long-time behaviour,

o Large Deviation Principles.

In general, all the results and/or techniques available for the
SPDEs with Gaussian noise are not always suitable for the
treatment of SPDEs with Lévy noise and therefore we require new
and different techniques.



We are interested in SPDEs with jump
@ Well-posedness

@ Wentzell-Freidlin type large deviation principles



Motivation: Well-posedness

In general, there are three approaches to establish Well-posedness
for SPDEs with jump.

@ Galerkin approximation methods and local monotonicity
arguments
@ The cut-off methods and the Banach Fixed Point Theorem

e "Big jump” approximating " Small jump”



The first two approaches had been used in proving the existence
and the uniqueness of SPDEs with Gaussian noises,



The first two approaches had been used in proving the existence
and the uniqueness of SPDEs with Gaussian noises,

@ Galerkin approximation methods and local monotonicity

arguments:
W. Liu and M. Réckner(2010),

@ The cut-off and the Banach Fixed Point Theorem:
Z. Brzezniak and A. Millet(2014),
A. de Bouard and A. Debussche (1999),

Under the classical local-Lipschitz and the one-sided linear growth
assumptions on the coefficients, one can prove the existence and
the uniqueness of strong solutions in the probabilistic sense for
SPDEs with Gaussian noises.



But using the same idea to the Lévy case, one needs to assume
other conditions on the coefficient G of Lévy noise:



But using the same idea to the Lévy case, one needs to assume
other conditions on the coefficient G of Lévy noise:

@ Galerkin approximation methods and local monotonicity
arguments:
Z. Brzezniak, E. Hausenblas and J. Zhu,(2013)
Z. Brzezniak, W. Liu and J. Zhu,(2014)

for some p # 2,

/Z 1G(v, 2)E(dz) < K(1+ [[v]}%):



@ The cut-off and the Banach Fixed Point Theorem:
H. Bessaih, E. Hausenblas, P.A. Razafimandimby(2015)
The authors considered the existence and uniqueness of
solutions in PDE sense for stochastic hydrodynamical systems
with Lévy noise, including 2-D Navier-Stokes equations.



@ The cut-off and the Banach Fixed Point Theorem:
H. Bessaih, E. Hausenblas, P.A. Razafimandimby(2015)
The authors considered the existence and uniqueness of
solutions in PDE sense for stochastic hydrodynamical systems
with Lévy noise, including 2-D Navier-Stokes equations.

They assumed that the function G is globally Lipischitz in the
sense that there exists K > 0 such that for p =1, 2,

/HG v1,2) — G(va, 2)|¥Pr(dz) < K|vi — w3, vi, v €V,

/HG v1,2) — G(vo,2)|[fPr(dz) < K|vi —wa|?P, vi,v € H.



But using the same idea to the Lévy case, one needs to assume
other conditions on the coefficient G of Lévy noise.

Reason:

Because their approaches used the Burkholder-Davis-Gundy
inequality with p # 2 for the compensated Poisson random
measure.



@ To prove the well-posedness for the equations with the Lévy
noises, one natural approach is based on " Big jump”
approximating " Small jump”.



@ To prove the well-posedness for the equations with the Lévy
noises, one natural approach is based on " Big jump”
approximating " Small jump”.

This method needs some assumptions on the control of the
“small jump”, see Z. Dong and Y. Xie (2009).

There exist measurable subsets U,,, m € N of Z with U, 1 Z
and v(Un) < oo such that, for some k > 0,

sup / |G(v, 2)||Zv(dz) — 0 as m — oc.
IVlla<k J U,



@ The similar problems rise when one consider the martingale
solutions and the advances that have been made so far. See,
for instance,

o Gaussian cases: F. Flandoli and D. Gatarek(1995),
o Lévy cases: Z. Dong and J. Zhai(2011), E. Motyl(2014).



Our first aim is to get rid of these untypical assumptions, and we
need different ideas/techeniques.
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Our first aim is to get rid of these untypical assumptions, and we
need different ideas/techeniques.

We will consider the 2D Navier-Stokes equations.

@ Under the classical Lipschitz and linear growth assumptions,
we established the existence and uniqueness of strong
solutions in probability sense and PDE sense for the stochatic
2D Navier-Stokes equations with jump.

@ lts abstract setting covers many other PDEs, such as the 2D
Magneto-Hydrodynamic Equations, the 2D Boussinesq Model
for the Bénard Convection, the 2D Magnetic Bérnard
Problem, the 3D Leray a-Model for the Navier-Stokes
Equations and several Shell Models of turbulence.



Main idea

In fact, we apply the cut-off methods and the Banach Fixed Point
Theorem, which is different from H. Bessaih, E. Hausenblas, P.A.
Razafimandimby(2015).

Our method strongly depends on a cutting-off function and a trick,
we obtain new a priori estimates, and succeed to achieve our goals.



Our second aim is to establish the Freidlin-Wentzell's large
deviations principle of the strong solutions (in PDE sense) for
2-D stochastic Navier-Stokes equations with Lévy noise, obtained
in the first part.



Motivation: Wentzell-Freidlin type large deviation principles

There are some results on the Freidlin-Wentzell's large deviations
principle of SPDEs with jump so far, especially following the weak
convergence approach introduced by A. Budhiraja, J. Chen and
P.Dupuis(2013), A. Budhiraja, P.Dupuis and V. Maroulas(2011)
for the case of Poisson random measures.

Related results:

@ A. de Acosta(1994,2000)

e J. Feng and T. Kurtz(2006)

e M. Rockner and T, Zhang(2007), T. Xu and T. Zhang(2009)
@ A. Swiech and J. Zabczyk(2011)
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Related results on Strong solutions in Probability sense for 2-D
stochastic Navier-Stokes equations with Lévy noise:

e T. Xu and T. Zhang(2009):
Additive noises, Large deviations principle
e J. Zhai, T. Zhang(2015):
Multiplicative noises, Large deviations principle
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Multiplicative noises, Moderate deviations principle



Related results on Strong solutions in Probability sense for 2-D
stochastic Navier-Stokes equations with Lévy noise:

e T. Xu and T. Zhang(2009):
Additive noises, Large deviations principle

e J. Zhai, T. Zhang(2015):
Multiplicative noises, Large deviations principle

e Z. Dong, J. Xiong, J. Zhai and T. Zhang(2017):
Multiplicative noises, Moderate deviations principle

Compared with the existing results in the literature, our main
concern is the strong solutions in PDE sense, hence we need
new a priori estimates to establish the tightness of the solutions of
the perturbed equations. This is non-trivial.



Motivation: Wentzell-Freidlin type large deviation principles

We prove a Girsanov type theorem for Poisson random measure,
and apply this result to prove the well-posedness of the control
SPDEs. This is a basic step in applying the weak convergence
approach to prove the large deviations for SPDEs.

Although these results have been used in the existing literature,
but to the best of our knowledge, have no proof, we give the
rigorous proofs. The proof is rather involved and it is of an
independent interest.
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Introduction

Consider the two-dimensional Navier-Stokes equation

Jdu(t)
ot

with the conditions

—vAu(t) + (u(t) - V)u(t) + Vp(t,x) = f(t), (1)

(V-u)(t,x)=0, for xe D,t>0,
u(t,x) =0, for x€ dD,t>0, (2)
u(0,x) = up(x), for x€ D,

D bounded open domain of R? with regular boundary 6D,

u(t,x) : [0, T] x D — R? the velocity field at time t and position x,
v > 0 the viscosity,

p(t,x) : [0, T] X D — R denotes the pressure field,

f is a deterministic external force.



Introduction: the two-dimensional Navier-Stokes equation

Introduction

Introduce the following standard spaces:

o V:={veHjDR?):V -v=0ae in D},

1
3
Norm: [[v|lv := </ \Vv]2dx> =|lv|,
D

@ H: the closure of V in the L2-norm

%
|V|p = (/DMZdX> = |v|.



Introduction: the two-dimensional Navier-Stokes equation

Introduction

@ the Helmhotz-Hodge projection Py : L2(D;R?) — H.
@ the Stokes operator A:

Au:= —PyAu, Yue H*(D;R?))NV.
@ the nonlinear operator B:
B(u,v) := Py((u- V)v).

Set
B(u) := B(u, u).
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Introduction

@ the Helmhotz-Hodge projection Py : L2(D;R?) — H.
@ the Stokes operator A:

Au:= —PyAu, Yue H*(D;R?))NV.
@ the nonlinear operator B:
B(u,v) := Py((u- V)v).

Set
B(u) := B(u, u).

By applying the operator Py to each term of (1), we can rewrite
it in the following abstract form:

du(t) + Au(t)dt + B(u(t))dt = f(t)dt in L3([0, T], V'), (3)

with u(0) = up € H.
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Well-posed for 2-D SNSEs driven by multiplicative

Well-Posedness

@ Z =locally compact Polish space,
v =o-finite measure on Z,

@ Leby, =the Lebesgue measure on [0, c0),

@ 1) =Poisson random measure on [0,00) X Z,
its intensity measure Leby, ® v,

@ the compensated Poisson random measure 7:

7([0, ] x 0) = 1([0, t] x O)— tr(0), YO € B(Z) : v(0) < oc.



Well-posed for 2-D SNSEs driven by multiplicative

Well-Posedness

Consider

du(t) + Au(t) dt + B(u(t)) dt = f(t) dt +/ G(u(t-), z)n(dz, dt),
ug € H. (4)

Problem: Well-Posedness?



Well-posed for 2-D SNSEs driven by multiplicative

Well-Posedness

Our main result 1: Strong solutions in probability sense

Assumption: G : H x Z — H is a measurable map

@ Lipschitz in H
/Z 1G(vi, 2) — G(va, 2)[Zw(d2) < Cllvi — valf, v, v € H,  (5)
@ Linear growth in H
| 16t 2)lw(de) < cut vl w e (6)

@ up € Hand f € L, ([0,00), V).



Well-posed for 2-D SNSEs driven by multiplicative

Well-Posedness

Our main result 1: Strong solutions in probability sense

Result: there exists a unique F-progressively measurable process u such that
(1) u e D([0,00), H) N L2 ([0, 00), V), P-ass.,
(2) the following equality holds, for all t € [0, 00), P-a.s., in V/,

o) = w— [ ausyas— [ Bl as+ [ (s)as
" /ot /Z G(u(s~), 2)ii(dz, ds)-



Well-posed for 2-D SNSEs driven by multiplicative

Well-Posedness

The existing results

The existing results in the literature need other assumptions on G,

@ Big Jump = All Jump: Z. Dong, Y. Xie, (2009)
There exist measurable subsets Un,,, m € N of Z with Un, 1 Z and
v(Um) < oo such that, for some k > 0,

sup / |G (v, 2)||fiv(dz) — 0 as m — oo,
U

[Ivila <k

@ Galerken Approximation: Z. Brzezniak, E. Hausenblas, J. Zhu, (2013); Z.
Brzezniak, W. Liu, J. Zhu, (2014)

It is assumed that
/ 1G(v. 2)[l(dz) < KL+ [v]b).
VA

We get rid of these untypical assumptions, and we need different
ideas/techeniques.



Well-posed for 2-D SNSEs driven by multiplicative

Well-Posedness

Our main result 2: Strong solutions in PDE sense

Assumption G : V x Z — V is a measurable mapping
@ Lipschitz in V

/z |G(vi, z) — G(va, 2)|[Fv(dz) < Cllvi — w3, wvi,v2 €V,
@ Linear growth in V
[ 16t 2lwie) < cat vif). vev.
@ Linear growth in H
/ZHG(v,z)H%v(dz) < C(1+||vlE), VveH.

@ up€Vand fe L} ([0,00),H)



Well-posed for 2-D SNSEs driven by multiplicative

Well-Posedness

Our main result 2: Strong solutions in PDE sense

Result: there exists a unique F-progressively measurable process u such that
(1) we D([0,50), V) N Lo ([0, 00), D(A)), P-as.,
(2) the following equality in V' holds, for all t € [0, 00), P-a.s.:

u(t) = uof/otAu(s) dsf/t B(u(s)) ds+/t f(s)ds
//G n(dz, ds).



Well-posed for 2-D SNSEs driven by multiplicative

Well-Posedness

The existing results

@ H. Bessaih, E. Hausenblas, P.A. Razafimandimby(2015)

The authors considered the existence and uniqueness of solutions defined
as above for stochastic hydrodynamical systems with Lévy noise,
including 2-D Navier-Stokes equations.

They assumed that the function G is globally Lipischitz in the sense that
there exists K > 0 such that for p =1, 2,

/ 1G(v1,2) = G(va, 2)|Fv(dz) < K[vi = ||, wvi,v2 €V,
Z

/ |G(vi, z) — G(vz,z)||§{pl/(dz) < Kl|w — V2||if, vi, v € H.
z



Wentzell-Freidlin type large deviation principles for the strong
solutions (in PDE sense) for 2-D stochastic Navier-Stokes
equations with Lévy noise



Problem and the main result



@ 7 =locally compact Polish space. Fix T > 0.

°
Zr=[0,T]|xZ, Y=2Zx[0,00)and Y7 = [0,T]xZx [0,00).

® Mt = M(Z7): the space of all non-negative measures ¥ on
(Z7,B(Z7)) such that 9(K) < oo for every compact subset K of
7.

We endow the set M7 with the weakest topology, denoted by 7 (M),
such that for every f € C.(Z7), where by C.(Z7) we denote the space of
continuous functions with compact support, the map

Mr>9— f(z,s)¥(dz,ds) € R
7T

is continuous.
Analogously we define M+ = M(Y7) and T(M7).
Both (M7, T(Mr)) and (M, T(M7)) are Polish spaces.



LDP

Denote _
Q= IMIT7 G .= T(MT)

There exists a unique probability measure QQ on (Q,g) on which the
canonical/identity map

N:Q>m+—meMr

is a Poisson random measure (PRM) on [0, T] x Z x [0, o0) with intensity
measure Leb(dt) ® v(dz) ® Leb(dr), over the probability space (2, G, Q).
We also introduce the following notation:

= the Q-completion of o{N((0,s] x A):s € [0,t], A€ B(Y)}, t€[0,T]
= (gt)te[O,T],
= the G-predictable o-field on [0, T] x Q,

>3 a9

the class of all (P ® B(Z))-measurable! function ¢ : Z1 x Q — [0, 00)

'To me precise, (P ® B(Z)) \ B[0, ).



For every function o € A, let us define a counting process N¥ on [0, T] x Z by

N¥((0,t] x A) = f(O,t]xAx(O,oo) 1r,00)((s, x))N(dsdxdr), t € [0, T], A € B(Z).

Let us observe that B
N?:Q — M(Z7) = Mr.

Analogously, we define a process N¥, ie.

N#((0,t] x A) = / 1ir,00)((s, x))N(dsdxdr), t € [0, T], A € B(Z).
(0,t] x Ax (0,00)



Let us observe that for any Borel function f : Zt — [0, 00),

/ f(S,X) f\?“’(ds, dX) = / 1{(s,x,r):r§4p(s,x)}f(SﬂX)N(deXdr)'
(0,t]xZ (0,t]x Z % (0,00)
Let us also notice that that if ¢ is a constant function a with value a € [0, o0), then

N4((0, ] x A) N((0,t) x Ax (0,a]), t€[0,T],A€ B(Z),
N?((0,¢] x A) = N((0,t) x Ax (0,a]), te€0,T],A€cB®Z).



LDP

Let us finish this introduction by the following two simple observations.
Proposition 1

In the above framework, for every a > 0, the map
N?:Q — M(Z7) = Mt (7)

is a Poisson random measure on [0, T] X Z with intensity measure Leb(dt) ® av(dz)
and N? is equal to the corresponding compensated Poisson random measure.

Proposition 2
In the above framework, suppose that two functions ¢, € A, a number T > 0 and a
Borel set A C Z are such that
(s, z,w) = Y(s, z,w) for (s,z,w) €0, T] x A x Q.
Then

N®((0, t] x B) = N¥((0, t] x B), for t € [0, T], B € B(A). (8)



LDP

Let us consider the following SPDEs on the given probability space
(2,6,G,Q)

dut(t) + Au(t) dt + B(u°(t)) dt = dt+5/ G(u 2)NY=(dz, dt),
uE(O) =u e V.
(9)

@ N¥/%(dz, dt) is a Poisson random measure on [0, T] x Z with
intensity measure 1/eLeb(dt) ® v(dz)
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We have proved that there exists a unique solution u® to problem (13)

ut € TY .= D([0, T], V) N L2([0, T], D(A)).
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Let us consider the following SPDEs on the given probability space
(2,6,G,Q)

dut(t) + Au(t) dt + B(u°(t)) dt = dt+5/ G(u 2)NY=(dz, dt),
uE(O) =u e V.
(9)

@ N¥/%(dz, dt) is a Poisson random measure on [0, T] x Z with
intensity measure 1/eLeb(dt) ® v(dz)

We have proved that there exists a unique solution u® to problem (13)

ut € TY .= D([0, T], V) N L2([0, T], D(A)).

Our aim is to establish the LDP for the laws of family {v®}.~ on TY.



LDP

In order to introduce our main result, we need the following notation.
Denote, for N > 0,

sV = {g :Zt — [0,00) : g is Borel measurable and Lt(g) < N},
S = Un>1S",
where for a Borel measurable function g : Z1 — [0, 00) we put
T
Lr(g) = /0 /Z (8(t.2)log gt 2) ~ g(t.2) +1)(d) ot (10)

A function g € SN can be identified with a measure v8 € M, defined by

VE(A) = /A g(t, 2)(dz) dt, A e B(Zr).

This identification induces a topology on SN under which SV is a
compact space. Throughout we use this topology on SV,



LDP

Let us finally define a set

H = {h :Z — R : his Borel measurable and there exists § > 0 :

/e‘;hz(z)u(dz) <ooforallT € B(Z):v(l) < oo }
r

Assumptions LDP
There exist functions L; € H N L?(v), for i = 1,2,3, such that
@ Lipschitz in V

1G(u1,2) = G(uz, 2)lv < La(2)||un — w2lly, w2 €V, z€Z,
@ Linear growth in V
1G(u, 2)llv < La(2)(A + lullv), ueV, z€Z,
@ Linear growth in H
1G(u, 2) |l < L3(z)(1+ ||ulln), u€H, z €2

@ fcL?([0, T];H) and up € V.



Our main result

The family {u®}c> satisfies a LDP on T¥ with the good rate function / defined by?
I(k) =inf{Lr(g) : g €S ,uf =k}, keTY, (11)

where for g € S, u8 is the unique solution of the following deterministic PDE

T AR B O =10+ [ G0 e - e
ug(0) = up.

’By convention, inf(()) = cc.



Definition LDP

(uf — u®) obeys an LDP on TY with rate function /, if it holds
that

(a) for each closed subset F of TY,

limsupelog Q (u® — u® € F) < — inf I(x);
e—0 xeF

(b) for each open subset G of TY,

_ > —
Immfslog@(u u® € G) ):gfcl( x).



a Girsanov type theorem for Poisson random measure



LDP

Let us consider the following SPDEs on the given probability space
(2,6,G,Q)

duf (t) + Aus(t) dt + B(uf(t)) dt = dt+€/ G(u 2)NV#(dz, dt),
UE(O) =u e V.
(13)

@ N¥/%(dz, dt) is a Poisson random measure on [0, T] x Z with
intensity measure 1/eLeb(dt) ® v(dz)



LDP

Let us consider the following SPDEs on the given probability space
(2,6,G,Q)
duf (t) + Aus(t) dt + B(uf(t)) dt = dt+€/ G(u 2)NV#(dz, dt),

UE(O) =u e V.
(13)

@ N¥/%(dz, dt) is a Poisson random measure on [0, T] x Z with
intensity measure 1/eLeb(dt) ® v(dz)

We have proved that there exists a unique solution u® to problem (13)

u® € TY .= D([0, T], V) N L2([0, T], D(A)).



Proof of the main result

By the Yamada-Watanabe Theorem, we infer that there exists a family of
{G®}c>0, where

G : M+ — 'T‘¥ is a measurable map

such that for every £ > 0, the following condition holds.

(i) if  is a Poisson random measure on Zy with intensity
Leb(dt) ® e~1v(dz), on a stochastic basis (!, 71, P!, F?),
F! = {F},t € [0, T]}, then the process Y* defined by

Y© =G (en)
is the unique solution of
dY®(t) + AYS(t) dt + B(Y®(t)) dt
= f(t)dt+ 8/ G(Y(t—), 2)(n(dz, dt) — e tv(dz) dt),

YS(O) = Up.
(14)



Proof of the main result

Since by Proposition 1, N is a Poisson random measure on ZT
with intensity measure Leb(dt) ® e~1v(dz), we deduce the
following result which will be used later on.

Corollary 1

In the above framework, the unique solution of problem (13) on
the probability space (£2,G, G, Q) is given by the following equality

U =G (N ). (15)



Proof of the main result

For every g € S, there is a unique solution u& € T¥ of equation

(12):
duf/t(t) + AuE(t) + B(u5(1)) /G(Ug(t z)(g(t:2) = )v(dz),
u8(0) = wp.

This allows us to define a map

G:Ssg—ut ey (16)



Proof of the main result

To finish the proof of the main result, according to A. Budhiraja,
J. Chen and P.Dupuis(2013), it is sufficient to verify two claims.
The first one is the following.

Claim-LDP-1. Forall N €N, if g,, g € SN are such that g, — g
as n — oo, then

G%(gn) — G%g) ie. us" — u& in TY.



Proof of the main result

In order to state the second claim, we need to introduce some additional notation.
Let us fix an increasing sequence {Kp},—=1,2,... of compact subsets of Z such that

Up2y Kn =Z. (17)
Let us put
- ° - 1 _
Ap = U {ga €A:p(t,x,w) €[—,n], if (t,x,w)€[0,T]x K, xQ
n=1 n (18)
and o(t,x,w) =1, if (£xw)€ [0, T] x KE x s‘z}.
We also denote
UV ={pehy: o(,,w)e SV, for Q-a.a. we},
(19)

(e o)
u=Ju".
N=1

Claim-LDP-2. For all N € N, if e, — 0 and ¢,, ¢ € U" is such that o, converges
in law to ¢, then

Ggen (EnNE"ﬂPzn> converges in law to go(go) in T¥.



Proof of the main result

Gen (En/\/sn’lvan ) ?

e, = 1 By the definition of G¢, gf(sNgfl) := u® is the unique solution of problem (13)
on the probability space (£2,G,G,Q),

duf (t) + Aus(t) dt + B(u(t)) dt = f(t) dt+e/ G(u®(t—), z)NY/2(dz, dt),
Z

u®(0) = up.



Proof of the main result

Gen (En/\/sn’lvan ) ?

e, = 1 By the definition of G¢, gf(sNgfl) := u® is the unique solution of problem (13)
on the probability space (£2,G,G,Q),
duf (t) + Aut(t) dt + B(u®(t)) dt = f(t) dt + e/ G(u®(t—), z)NY/2(dz, dt),
z
u®(0) = up.

Our aim is to establish the LDP for the laws of family {u}c~q on TY.

General ¢, G°r (s,,NEnﬂ‘Psn)?



Proof of the main result

@ We prove that the process QE(EN571“°€) is the unique solution of the control
SPDE. The key is a Girsanov type theorem for Poisson random measure.

dX{ + AX{dt+ B(X;)dt = f(t)dt—i—/G(Xf,z)(cpa(t,z)—l)V(dz)dt
V4

+5/ G(XE ,z)Ne %= (dz, dt), (20)
Z

X5 = uo,



Proof of the main result

@ We prove that the process g5(5N571W5) is the unique solution of the control
SPDE. The key is a Girsanov type theorem for Poisson random measure.

dX{ + AX{dt+ B(X;)dt = f(t)dt—i—/G(Xf,z)(cpa(t,z)—l)V(dz)dt
Z
+s/ G(X_, 2)NF %= (dz, ), (20)
Z
X5 = uo,

Then to get Claim-LDP-2, we only need to consider X¢.



Proof of the main result

a Girsanov type theorem for Poisson random measure

Lemma 1 B B
Assume that n € N and that ¢ € Ay, ,. Then there exists an A, ,-valued sequence
(¢"’)meN such that the following properties are satisfied.

(R1) For every m there exist / € N and ny,---,n € N, a partition
0=t <t <---<ty=T and families

51‘]‘7 i:17"'7lvj:17"'9"i»
Ej i=1 =1y

such that &; is [%, n]-valued, G;_,-measurable random variables and, for each
i=1,---,1, (E,-J-)J'.l1 is a measurable partition of the set Kj,, such that

! nj
Pm(t,x,0) = Lop(O) + D> 1,1 (8)&5(w) e, (x) + ks (x)1(0,71(t)

i=1 j=1

for all (t,z,w) €0, T] x Z x Q.

(R2) limm—oo fOT [m(t, x,w) — @e(t, x,w)| dt = 0, for v ® Q-a.a. (x,w) € Z x Q.



Proof of the main result

a Girsanov type theorem for Poisson random measure

Lemma 2 Let us put e = 1/p¢.
(S1) The process M§ (1)), t > 0, defined by

M (Ye) = exp (/ log (= (s, z))N(ds, dz, dr)

(0,t] xZx[0,e~Lpc(s,2)]

+/ (= ve(s,2) +1)w(dz) dsdr)
(0,t]xZx[0,e e (s,2)]
= oo( log(te (s, 2))N(dsdzdr)
(0,]] x K x [0,e " Lo (5,2)]
Jr/ (_¢5(5,z)+1)u(dz) dsdr), te[o,T],
(0,8] x Ko x [0,6 Lo (5,2)]

is an G-martingale on (Q,G,G,Q),
(S2) the formula

P5(A) = /A M5 (:) dQ, VAEG

defines a probability measure on (Q,Q),
(S3) the measures Q and P%- are equivalent,

(S4) On (Q,Q,G,]P’ﬁ-), eNe~'®< has the same law as that of eN ' on (Q,6,G,Q).



Proof of the main result

Theorem 1 _ _
For every process ¢ € A}, defined on (2, G, G, Q), the process X¢ defined by

XE = G (eN® %) (21)
is the unique solution of (29).
dX{ + AXFdt + B(X;)dt = f(t)dt
+ a/z G(Xi_,2)(N° %2 (dz, dt) — e Tu(dz) dt ),
= f(t)dt+ /Z G(XF, z)(pe(t, z) — 1)v(dz) dt

+a/ G(XE_,z)N° "% (dz, dt),
Z

X = o,



Proof of the main result

Why we need Theorem 17

— _ —1 —1 —
(S4) On (Q,G,G,PT), eN® P has the same law as that of eN® ~ on (2, G, G, Q).
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Why we need Theorem 17

— _ —1 —1 —
(S4) On (Q,G,G,PT), eN® P has the same law as that of eN® ~ on (2, G, G, Q).

e— 1, . . . &
By the definition of X := G , the process G*(¢N® ~¥<) is the unique solution of (21) on (Q, G, G, PT), that
is
(C1) X€ is G-progressively measurable process,
(C2) trajectories of X© belong to T¥ PS-as.,
(C3) the following equality holds, in V’, for all t € [0, T], P5-as.:

X (t)—ug—/ AXE s)ds—/tB(XE(s))ds
(22)
/ (s ds+s/ / G(XE(s—), 2)(N° %% (dz, ds) — e~ u(dz) ds).



Proof of the main result

Why we need Theorem 17

— _ —1 —1 —
(S4) On (Q,G,G,PT), eN® P has the same law as that of eN® ~ on (2, G, G, Q).

e— 1, . . . &
By the definition of X := G , the process G*(¢N® ~¥<) is the unique solution of (21) on (Q, G, G, PT), that
is
(C1) X€ is G-progressively measurable process,
(C2) trajectories of X© belong to TV PS-as.,
(C3) the following equality holds, in V', for all t € [0, T], P3-a.s.

X (t)—ug—/ AXE s)ds—/tB(XE(s))ds
(22)
/ (s ds+s/ / G(XE(s—), 2)(N° %% (dz, ds) — e~ u(dz) ds).

Now we will prove that the process X is the unique solution of (22) on (2, G, G, Q), that is
(C1-0) XE is G-progressively measurable process,

(C2-0) trajectories of X© belong to T¥ Q-as.,

(C3-0) the following equality holds, in V”, for all t € [0, T], Q-a.s

t t
XE(t)=u — | AXS(s)ds— [ B(X(s))ds
t A t A —1 (23)
n /0 F(s) ds + 5/0 /Z G(XS(s—), 2)(V° 9 (dz, ds) — e~ Lu(dz) ds).



Proof of the main result

Why we need Theorem 17

— _ —1 -1 =
(S4) On (Q,G,G,PT), eN® P has the same law as that of eN® ~ on (2, G, G, Q).
e— 1, . . . &

By the definition of X := G , the process G*(¢N® ~¥<) is the unique solution of (21) on (Q, G, G, PT), that
is

(C1) X€ is G-progressively measurable process,

(C2) trajectories of X© belong to TV PS-as.,

(C3) the following equality holds, in V', for all t € [0, T], P3-a.s.

X (t)—ug—/ AXE s)ds—/tB(XE(s))ds

: (22)
/ (s ds+s/ / G(XS(s—), 2) (N 9 (dz, ds) — e~ Lu(dz) ds).
Now we will prove that the process X is the unique solution of (22) on (2, G, G, Q), that is
(C1-0) XE is G-progressively measurable process,
(C2-0) trajectories of X© belong to T¥ Q-as.,
(C3-0) the following equality holds, in V”, for all t € [0, T], Q-a.s
€ t € t €
X5 (t) = up — / AX"(s)ds — / B(X"(s)) ds
0 0 (23)

n /Ot F(s)ds + e /Ot /Z G(XS(s—), 2)(N° %% (dz, ds) — e~ u(dz) ds).

Let us note that despite the fact that the two measures Q and PT are equivalent, the equality (22) does not follow
from (21) without an additional justification. We prowde thls Jjustification.



Proof of the main result

The verification of Claim-LDP-1 and Claim-LDP-2 will be given in
the following.
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For all N € N, let g,, g € SN be such that g, — g in SV as
n— oo.
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The verification of Claim-LDP-1

For all N € N, let g,, g € SN be such that g, — g in SV as
n— oo.

Set u8" be the solution of the following equation with g replaced
by &n-

dujt(t) + AuE(t) + B(uE(t)) = F(¢) +/ G5 (1), 2)(g(t.2) — 1)u(da).

z
u8(0) = wp.
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dujt(t) + AuB(t) + B(uE(D)) = F(t) + /Z G5 (1), 2)(g(t.2) — 1)u(da).
Ug(O) = Uup.

By the definition of G°, G%(g,) = u& and G%(g) = u8.

For simplicity, put u, = u8” and u = u8.



Proof of the main result

The verification of Claim-LDP-1

For all N € N, let g,, g € SN be such that g, — g in SV as
n— oo.

Set u8" be the solution of the following equation with g replaced

by gn.
dujt(t) + AuB(t) + B(uE(D)) = F(t) + /Z G5 (1), 2)(g(t.2) — 1)u(da).
Ug(O) = Uup.

By the definition of G°, G%(g,) = u& and G%(g) = u8.

For simplicity, put u, = u8” and u = u8.
To prove Claim-LDP-1, we will prove that

U, — u in TY.



Proof of the main result

The verification of Claim-LDP-1

We can deduce that
@ sup,cy SUP¢¢(o,T] llun(t ”V + fo llun(t ”D(A dt < Cy.
@ Let us fix @ € (0,1/2).

2
< .
sup flunlliva 2o, 7y,vr) < En < 00
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The verification of Claim-LDP-1

We can deduce that
@ sup,cy SUP¢¢(o,T] llun(t ”V + fo llun(t ”D(A dt < Cy.
@ Let us fix @ € (0,1/2).

2
< .
sup flunlliva 2o, 7y,vr) < En < 00

Since the embedding
L2([0, T], D(A)) N W*2([0, T], V') — L3([0, T], V)

is compact, we infer that there exists i1 € L2([0, T], D(A)) N L>=([0, T], V) and a
sub-sequence (for simplicity, we also denote it by u,) such that



Proof of the main result

The verification of Claim-LDP-1

We can deduce that
@ sup,cy SUP¢¢(o,T] llun(t ”V + fo llun(t ”D(A dt < Cy.
@ Let us fix @ € (0,1/2).

2
< .
sup flunlliva 2o, 7y,vr) < En < 00

Since the embedding
L2([0, T], D(A)) N W*2([0, T], V') — L3([0, T], V)

is compact, we infer that there exists i1 € L2([0, T], D(A)) N L>=([0, T], V) and a
sub-sequence (for simplicity, we also denote it by u,) such that

(P1) up — @ weakly in L2([0, T], D(A)),
(P2) up — U in the weak™* topology of L°°([0, T],V),
(P3) up — @ strongly in L2([0, T], V).



Proof of the main result

The verification of Claim-LDP-1

Applying (P1)(P2)(P3) and, refer to J. Zhai, T. Zhang(2015) or A. Budhiraja, J.
Chen and P.Dupuis(2013),

For every € > 0, there exists 8 > 0 such if A € B([0, T]) satisfies Lebp 11(A) < 8,
then

sup sup / / Li(z)|h(s,z) — 1|v(dz) ds < e. (24)
i=1,2,3 heSN JAJZ
we can prove

.
lim  sup sup/o Hu,,(s)ffl(s)HV/ZL,-(z)|k(s,z)f1|1/(dz)ds:O. (25)

N0 =1,2,3 ke SN



Proof of the main result

The verification of Claim-LDP-1

Applying (P1)(P2)(P3) and, refer to J. Zhai, T. Zhang(2015) or A. Budhiraja, J.
Chen and P.Dupuis(2013),

For every € > 0, there exists 8 > 0 such if A € B([0, T]) satisfies Lebp 11(A) < 8,
then

sup sup //L,—(z)\h(s, z) — 1|v(dz) ds < e. (24)

i=1,2,3 heSNJAJZ

we can prove

,

lim sup sup / un(s) — fl(s)||\// Li(2)|k(s,2) — 1|u(dz) ds = 0.  (25)
N—=00 =123 kcsN Jo 7

By (P1)(P2)(P3) and (25), we can prove that the limit function @ is a solution of

d“d(t) + AuB() + B(uE (L)) = £(¢) +/ G(uE(£), 2)(g(t, 2) — 1) (dz),

u8(0) = up.



Proof of the main result

The verification of Claim-LDP-1

Applying (P1)(P2)(P3) and, refer to J. Zhai, T. Zhang(2015) or A. Budhiraja, J.
Chen and P.Dupuis(2013),

For every € > 0, there exists 8 > 0 such if A € B([0, T]) satisfies Lebp 11(A) < 8,
then

sup  sup /A/ZL,-(Z)\h(s, z) —1jy(dz) ds < e. (24)

i=1,2,3 pesN

we can prove

.
lim  sup sup/o Hu,,(s)ffl(s)HV/ZL,-(z)|k(s,z)f1|1/(dz)ds:O. (25)

N0 =1,2,3 ke SN

By (P1)(P2)(P3) and (25), we can prove that the limit function @ is a solution of

%(t) + AuB() + B(uE (L)) = £(¢) +/ G(uE(£), 2)(g(t, 2) — 1) (dz),
t 7z
u8(0) = up.

By uniqueness of solution, we infer &I = u8 = u.



Proof of the main result

The verification of Claim-LDP-1

Hence

(P'1) up — u weakly in L2([0, T], D(A)),

(P'2) up — u in the weak™ topology of L°°([0, T],V),
(P'3) up — u strongly in L2([0, T],V).



Proof of the main result

The verification of Claim-LDP-1

Hence

(P'1) up — u weakly in L2([0, T], D(A)),

(P'2) up — u in the weak™ topology of L°°([0, T],V),
(P'3) up — u strongly in L2([0, T],V).

Applying (P'1)(P'2)(P’3) and (25), i.e.

-
lim sup sup/O Hun(s)—u(s)||V/ZL,-(z)|k(s,z)—1|1/(dz)ds

N=00 =123 kcsN

it is not difficulty to prove
up — u in T¥.

The verification of Claim-LDP-1 is thus complete.

07



Proof of the main result

The verification of Claim-LDP-2
Let us fix an increasing sequence {K;}n—1,2,... of compact subsets of Z such that
Let us put
oo
- - 1 . S
Ay = U {go €A:p(t,x,w) €[—,n], if (t,x,w)€[0, T]x K, xQ
n
n=1 (27)
and o(t,x,w) =1, if (t,x,w)€[0,T] x KS x f_l}
We also denote

UV :={pehy: o(,,w)e SV, forQaa we},
u=Ju".
N=1

Claim-LDP-2. For all N €N, if e, =+ 0 and ¢¢,, ¢ € UN is such that (e, converges
in law to ¢, then

(28)

Ggen (EnNE”ﬂPs,w) converges in law to go(go) in T¥.



Proof of the main result

The verification of Claim-LDP-2

Gen (an/\/sn_l%n)?

pe, = 1 By the definition of G¢, gf(eNgil) := u® is the unique solution of problem (13)
on the probability space (2,3, G, Q),

du®(t) + Au®(t) dt + B(u®(t)) dt = f(t) dt+z—:/ G(u*(t—), z)NY4(dz, dt),
z

u®(0) = wp.



Proof of the main result

The verification of Claim-LDP-2

Gen (EnNsn_1<Pe,, ) ?

pe, = 1 By the definition of G¢, gf(eNgil) := u® is the unique solution of problem (13)
on the probability space (2,3, G, Q),

du (t) + Au®(t) dt + B(u®(t)) dt = f(t) dt+z—:/ G(u*(t—), z)NY4(dz, dt),
Z
u®(0) = wp.

Our aim is to establish the LDP for the laws of family {u®}c>0 on TY.

1
General ¢, G&n (anE" ‘/’En)?



Proof of the main result

The verification of Claim-LDP-2

@ To prove Claim-LDP-2, we first prove that the process X¢ := g5(5N571‘95) is
the unique solution of the control SPDE (29). The key is a Girsanov type
theorem for Poisson random measure.

dXE + AXZdt + B(X7) dt

£(¢) dt+/ZG(Xf,z)(aps(t,z)fl)y(dz) dt

+e / G(XE, 2)N %+ (dz, dt), (29)
Z

X5 = u,
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X5 = u,

Then to get Claim-LDP-2, we only need to consider X©.



Proof of the main result

The verification of Claim-LDP-2

@ To prove Claim-LDP-2, we first prove that the process X¢ := g5(5N571‘95) is
the unique solution of the control SPDE (29). The key is a Girsanov type
theorem for Poisson random measure.

dX? + AXEdt + B(XF) dt F(t) dt +/ G(XE, 2)(pe(t, z) — 1)v(dz) dt
Z

+e / G(XE, 2)N %+ (dz, dt), (29)
Z

X5 = u,

Then to get Claim-LDP-2, we only need to consider X©.

@ Next we prove some a priori estimates to establish the tightness of X©.
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The verification of Claim-LDP-2

@ To prove Claim-LDP-2, we first prove that the process X¢ := g5(5N571‘95) is
the unique solution of the control SPDE (29). The key is a Girsanov type
theorem for Poisson random measure.

dX? + AXEdt + B(XF) dt F(t) dt +/ G(XE, 2)(pe(t, z) — 1)v(dz) dt
Z

+e / G(XE_, 2)N %= (dz, dt), (29)
z
XOE = up,
Then to get Claim-LDP-2, we only need to consider X©.
@ Next we prove some a priori estimates to establish the tightness of X©.

@ By the Skorokhod representation theorem and a similar arguments as proving
Claim-LDP-1, we can get Claim-LDP-2.
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The verification of Claim-LDP-2

a Girsanov type theorem for Poisson random measure
Lemma 1

Assume that n € N and that ¢, € Ab,n- Then there exists an &b,n—valued sequence
(d’"’)meN such that the following properties are satisfied.

(R1) For every m there exist | € N and ny,---,n € N, a partition
0=ty <t <---<ty=T and families

&ij, i=

Ej, i=1,---,I,j=1

such that & is [%, n]-valued, G, ,-measurable random variables and, for each
i=1,---

A, (E,J)Jn’:1 is a measurable partition of the set K}, such that
! n;
Ym(t,xw) = lgop()+ > > L0 (0)855(w)1g; (x) + 1ke (X)L, 71(t)
i=1 j=1
for all (t,z,w) € [0, T] x Z x Q.

(R2) limm—oo fOT [¥m(t, x,w) — @ (t, x,w)| dt = 0, for v ® Q-a.a. (x,w) € Z x Q.
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a Girsanov type theorem for Poisson random measure

Lemma 2 Let us put e = 1/p¢.
(S1) The process M§ (1)), t > 0, defined by

M (Ye) = exp (/ log (= (s, z))N(ds, dz, dr)

(0,t] xZx[0,e~Lpc(s,2)]

+/ (= ve(s,2) +1)w(dz) dsdr)
(0,t]xZx[0,e e (s,2)]
= oo( log(te (s, 2))N(dsdzdr)
(0,]] x K x [0,e " Lo (5,2)]
Jr/ (_¢5(5,z)+1)u(dz) dsdr), te[o,T],
(0,8] x Ko x [0,6 Lo (5,2)]

is an G-martingale on (Q,G,G,Q),
(S2) the formula

P5(A) = /A M5 (:) dQ, VAEG

defines a probability measure on (Q,Q),
(S3) the measures Q and P%- are equivalent,

(S4) On (Q,Q,G,]P’ﬁ-), eNe~'®< has the same law as that of eN ' on (Q,6,G,Q).
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The verification of Claim-LDP-2

Theorem 1 _ _
For every process ¢ € A}, defined on (2, G, G, Q), the process X¢ defined by

XE — QE(ENE*%E) (30)
is the unique solution of (29).
dXF + AXSdt + B(XF)dt = f(t)dt
+ s/Z G(x;,z)(/vf’l%(dz, dt) — e~ 1u(dz) dt),
= f(t)dt+ /z G(X7, z)(pe(t, z) — 1)v(dz) dt

+e/ G(X_, 2)NE %= (dz, dt),
Z

X5 = uo,
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Why we need Theorem 17

— —1 —1 —
(S4) On (Q,G,G,PT), eN® P has the same law as that of eN® ~ on (2, G, G, Q).

—1
By assertion (S4) and the definition of G , we infer that the process X = G®(eN® ~ ¥<) is the unique solution
of (29) on (Q2, G, G, PT), that is

(C1) XE is G-progressively measurable process,

(C2) trajectories of X© belong to T¥ PS-as.,

(C3) the following equality holds, in V’, for all t € [0, T], P5-as.:

X (t)—ug—/ AXE s)ds—/tB(XE(s))ds
(31)
/ (s ds+s/ / G(XE(s—), 2)(N° ' %2 (dz, ds) — e~ u(dz) ds).
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Why we need Theorem 17

— —1 —1 —
(S4) On (Q,G,G,PT), eN® P has the same law as that of eN® ~ on (2, G, G, Q).

-1
By assertion (S4) and the definition of G , we infer that the process X = G®(eN® ~ ¥<) is the unique solution
of (29) on (Q2, G, G, PT), that is
(C1) XE is G-progressively measurable process,
(C2) trajectories of X© belong to TV PS-as.,
(C3) the following equality holds, in V', for all t € [0, T], P3-a.s.

X (t)—ug—/ AXE s)ds—/tB(XE(s))ds
(31)
/ (s ds+s/ / G(XE(s—), 2)(N° ' %2 (dz, ds) — e~ u(dz) ds).

Now we will prove that the process X is the unique solution of (29) on (2, G, G, Q), that is
(C1-0) XE is G-progressively measurable process,

(C2-0) trajectories of X© belong to T¥ Q-as.,

(C3-0) the following equality holds, in V”, for all t € [0, T], Q-a.s

t t
XE(t)=u — | AXS(s)ds— [ B(X(s))ds
t /0 t A —1 1 (32)
E(s—), z € Pe(dz — e “v(dz .
+/0 f(s)ds+a/0 /Z G(X(s—), 2)(N (dz, ds) — e~ L1/(dz) ds)
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Why we need Theorem 17

— —1 -1 =
S4) On (Q,G,G,P%), eN®  ©€ has the same law as that of eN® ~ on (Q, G, G, Q).
T
—1

By assertion (S4) and the definition of G , we infer that the process X = G®(eN® ~ ¥<) is the unique solution
of (29) on (Q2, G, G, PT), that is

(C1) XE is G-progressively measurable process,

(C2) trajectories of X© belong to TV PS-as.,

(C3) the following equality holds, in V', for all t € [0, T], P3-a.s.

X (t)—ug—/ AXE s)ds—/tB(XE(s))ds

31
6 5714,0 -1 (1)
/ F(s) ds + s/ / G(XE(s—), 2)(NE 9 (dz, ds) — e Lu(dz) ds).
Now we will prove that the process X is the unique solution of (29) on (2, G, G, Q), that is
(C1-0) XE is G-progressively measurable process,
(C2-0) trajectories of X© belong to T¥ Q-as.,
(C3-0) the following equality holds, in V”, for all t € [0, T], Q-a.s
€ t € t €
X5 (t) = up — / AX"(s)ds — / B(X"(s)) ds
0 0 (32)

n /Ot F(s)ds + e /Ot /Z G(XS(s—), 2)(N° %2 (dz, ds) — e~ u(dz) ds).

Let us note that despite the fact that the two measures @ and ]PET are equivalent, the equality (32) does not follow
from (31) without an additional justification. We provide this justification.



Proof of the main result

The verification of Claim-LDP-2

some a priori estimates for X¢
@ for every € € (0,ep] and fix a € (0,1/2)
2 T 2
2 sup X+ [ IX (@I} ) < O, (33)
te[0,T] 0

E(IX 1y 20, 7,7y < Gt (34)
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The verification of Claim-LDP-2

some a priori estimates for X¢
@ for every € € (0,ep] and fix a € (0,1/2)
2 T 2
2 sup X+ [ IX (@I} ) < O, (33)
te[0,T] 0

E(IX 1y 20, 7,7y < Gt (34)

Let us define a stopping time 7. s by

t
Tem = inf{t >0: sup |\X€(5)||%1+/ [X°(s)I3r ds > M}, M >0.  (35)
sel0,t] 0

™
: (36)
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The verification of Claim-LDP-2

some a priori estimates for X¢

sup IE( sup [ XE(t A 7o) Hv+/ M Ixe(s) 134 ds)) = Cym. (37)
e€(0,en,m) t€[0,T]
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The verification of Claim-LDP-2

Tightness for X¢ and Y*©

@ The laws of the sequence {X¢} are tight on the Hilbert space L([0, T], V).

@ For some p > 1, the laws of the sequence {X¢} are tight on the Skorokhod
space D([0, T], D(A™9)).
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The verification of Claim-LDP-2

Tightness for X¢ and Y*©

@ The laws of the sequence {X¢} are tight on the Hilbert space L([0, T], V).

@ For some p > 1, the laws of the sequence {X¢} are tight on the Skorokhod
space D([0, T], D(A™9)).

For each ¢ let Y¢ be the unique solution of the following (auxiliary) stochastic
Langevin equation:

(t)*/ AYS( s)ds—i—a/ /G (X2 (s—), 2)NE %< (dz, ds).

We have
@ If n >0, then

im, 0 sup va(r)uv+/ 1Y) ds = 1) =0, (38)

e—0
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Conclusion of the proof of Claim-LDP-2

Let o,, o € UN be such that (. converges in law to ¢ as
e€n — 0. Then the sequence of processes

QE”(S,,NE"_IQOE")
converges in law on T¥ to a process

().
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Conclusion of the proof of Claim-LDP-2

@ By Theorem 1,
XEn .— gﬁn(anEnil‘Psn)

@ the laws of the processes { X"} e are tight on L2([0, T], V) N D([0, T], D(A™2)),
@ {Y®en},cn converges in probability to 0 in 'T‘¥.

Set
© r= [LZ([o, 71, V) n D([o, T1, D(A*Q))] @TY @sh.

Let (X, 0, ¢) be any limit point of the tight family {(X®", Y1, . ), n € N}.
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Conclusion of the proof of Claim-LDP-2

By the Skorokhod representation theorem, there exists a stochastic basis (Ql,IFl,]P’l)
and, on this basis, I-valued random variables (X1,0, 1), (X{, Y{,¢{), n € N such
that

(a) (X1,0,1) has the same law as (X, 0, ),
(b) forany ne N, (X, Y{",¢f) has the same law as (X", Yn, ¢, ),
(c) limpooo(X{, Y, 07) = (X1,0,1) in T, Plas..
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Conclusion of the proof of Claim-LDP-2
From the equation satisfied by (X<, Y°n ¢, ), we see that (X[, Y{", ¢f) satisfies
Xr(t) - Yi(¥)

uo—/0 A(X{(s) — Y{(s)) ds—/o B(X{(s)) cls-l—/0 f(s)ds

+

/Ot/Z G(XI(s), 2)(£0(s, 2) — u(dz) ds, t € [0, T].

n—

.
Iimo( sup va(t)||%,+/ Hyln(s)ng_,(A)ds):o, Plas., (39)
te[0,T] 0
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Conclusion of the proof of Claim-LDP-2

Applying similar arguments in the proof of Claim-LDP-1, we can
get Claim-LDP-2.



THANKS!
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